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1. An example of discontinuous ®( f))

We give a concrete example of discontinuous @ ( £ ) with
respect to A, i.e., case(2) in Sec.4.2 of the main paper.

Consider the simplest hierarchy: two leaf nodes a and b,
plus aroot node c. Let the rewards r, = 7, = 1 and r. = 0.
Let p(alz) = Pr(Y = a|X = z) be the posterior proba-
bility of node a, which completely determines the posterior
distribution.

Assuming that ties are broken alphabetically, using
Eqn.6 in the main paper, it is easy to verify the following.

For0 < A <1,

[ a, p(ajz)>0.5
M) = { b, plajz) <05 ° M)
For A > 1,
a, plalr)> )Tl
ix) =1 ¢ %H < p(a\x < %H . )
b, plalx) < T

Suppose p(a|x) only takes two discrete values, p; = 0.6
and po = 0.4. Let pu(p) be the percentage of examples such
that p(a|x) = p. Here let pu(p1) = p(p2) = 0.5, that is, half
of examples have a posterior probability of 0.6, the other
half 0.4. Then it is simple to confirm that for 0 < A\ < 1.5,
®(fr) = 0.6, i.e., all examples are predicted to the leaf
nodes. For A > 1.5, ®(f\) = 1, i.e., all examples are
predicted to the root node. Therefore ®(fy) is discontin-
uous at A = 1.5 with a gap between 0.6 and 1. Thus for
1—e € (0.6, 1), there exists no AT such that ®(f1) = 1—e.

Note that in this example, the distribution of p(a|x) con-
centrates on 0.4 and 0.6, violating our optimality condition
stated in Theorem 4.1 of the main paper.

2. Our condition versus the one in [1]

In Theorem 4.1 of the main paper we established one
condition under which DARTS converges to an optimal so-
lution.

In [1], a different condition is established for strong du-
ality in a general class selective rejection framework, i.e.,
there exists a continuous density function p(x|y) for each
ye ).

Here we show that their condition is insufficient to estab-
lish the optimality of DARTS by giving an example where
their condition is satisfied but DARTS cannot converge to
an optimal solution for certain 1 — e.

Consider the same hierarchy as in Sec. 1, i.e., a hierarchy
of two leaf nodes a and b, plus a root node c. Let X be a one
dimensional feature, specifically a real number on [0, 1]. Let
p(z|a) be the density function of X given Y = a and we
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Let p(x|b) be the density function of X given Y = b and
we set
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Then p(x|a) and p(x|b) are both continuous and thus satisfy
the condition in [1]. We plot p(x|a) and p(z|b) in Fig. 1.

Further assume that Pr(Y = a) = Pr(Y = b) = 1. By
Bayes’ law,

3/4, xe€l0,1/4]
plalz) =< 1—=x, x€(1/4,3/4)
1/4, x€[3/4,1]

We plot p(a|z) in Fig. 2.

Now consider fy. Eqn. 2 implies that if A > 3, ®(f)) =
1, i.e., every example is predicted to the root node. If A =
3, all examples z in [0,1/4] are predicted to node a with
3/4 of them being correct and all examples x in [3/4, 1] are
predicted to node b with 3/4 of them being correct. The
rest, i.e., x € (1/4,3/4) is predicted to the root node ¢ with
all of them being correct. Therefore with A = 3, ®(f)) =
3/4x1/2+1x1/2="17/8.

Thus ®(fy) is discontinuous at A = 3 and for 1 — € €
(7/8,1) there exists no AT such that ®(fy:) =1 —e.
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Figure 1. Probability density functions p(z|a) and p(x|b) for the
example in Sec. 2.
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Figure 2. Posterior probability p(a|z) for the example in Sec. 2.

Now we can show that DARTS fails to converge to an
optimal solution. Let’s set 1 — ¢ = 15/16. The binary
search in DARTS returns \' = 3 4+ 0 where § > 0 is a
small number. We then have ®(fy/) = 1 and R(fy/) =0
since all examples are predicted to the root node. Consider
a classifier g:

a, x€10,1/16
g(m):{ , zEEl/lG,l}]

Then ®(g) > 15/16 and R(g) > 0. Thus g is a better
solution to OP1 than f,.

The condition in [1] guarantees strong duality, i.e., an
optimal solution (to OP1 of the main paper) maximizes the
Lagrange function that has a dual variable that minimizes
the dual function. Thus under strong duality, if we can find
all maximizers of the Lagrange function for any given dual
variable, we then have a dual algorithm guaranteed to con-
verge to an optimal solution. However, the maximizer is not
necessarily unique and it can be impractical to find all of
them. In fact, there can be infinitely many of them. DARTS
finds a maximizer of the Lagrange function by only using

posterior probabilities. This classifier is not necessarily op-
timal without certain conditions, as the example shows.

This example also shows that their condition does not
imply ours, because otherwise by Theorem 4.1 of the main
paper DARTS would converge to an optimal solution under
their condition. On the other hand, our condition does not
imply theirs either, because p(z|b) and p(z|a) do not need
to be continuous to satisfy our condition.

3. Proof about )\ in DARTS

We show that A as defined in Line 5 of DARTS (see the
main paper) can be an upper-bound of the binary search in-
terval in DARTS. To that end, we first prove a lemma stating
that given a 1 — ¢, if the transformed root reward r; + A is
large enough, then the classifier f) that maximizes the La-
grange function L(f, \) is at least 1 — € accurate.

Let 70 = max,cy 1, and we assume that 7,4, >
0 because otherwise all rewards are zero and OPI is not
meaningful.

Lemma 3.1. Forany A > 0, if (r5+X)/(Tmazs+A) > 1—¢
where ¥ is the root node, then ®(f)) > 1 — .

Proof. Assume to the contrary that ®(fy) < 1 — €. Then

L(fx; A) =E (rp, o) + MIA(X) € m(Y)] + A(e — 1)
<E (Tmaz + M [A(X) € 7 (V)] + Ae — 1)
=(Tmaz +A)@(f2) + (e — 1)
<(Tmaz + A)(1—€) + Ae—1)
<rg + A+ Ae—1) :L(f,/\),

where f is the trivial solution that maps all examples to the
root node. This contradicts that f) maximizes L(f,\). O

Now we are ready to prove the claim about \.

Lemma 3.2. Let A = (7142 (1 — €) — 14) /€, where ¥ is the
root node and 1yqz; = MaXyey Ty- If®(fo) < 1—¢ then
A>0and ®(f5) >1—e

Proof. Note that A > 0 because otherwise Lemma 3.1
implies that ®(fy) > 1 — e. It is easy to verify that
(15 + AN)/(Pmaz + A) > 1 —e. Lemma 3.1 then implies
that &(f5) > 1 —e. O

4. Proof of the main theorem

Finally we give the complete proof of Theorem 4.1 in
the main paper. For completeness, we repeat the formal
definitions here.

Let A = {g € RYI=1 : ¢ > 0, ¢l < 1} be the set
of possible posterior probabilities over || — 1 leaf nodes.
Note that for | )| leaf nodes there are only || — 1 degrees of
freedom. With slight abuse of notation, we write ¢, as the



probability of any leaf node y € ), with the understanding
that ¢, = 1 — ||¢|l1, where y; is the leaf node not in the
| Y| — 1 leaf nodes. We also use g, = >_, y[v € T(y)]gy
to mean the posterior probability at a node v € V.

Let AY = {g € A : ||g]loc = 1V g = 0} be the set of
posterior probabilities at the vertices of A, where one of the
leaf nodes takes probability 1.

Letp, , : X = A be a Borel measurable function that
maps an example z to its posterior probabilities on the leaf
nodes. Let @ = pl,  (X) be the posterior probabilities on
the leaf nodes for the random variable X. As a function of
X, @ is also a random variable.

Theorem 4.1. If Pr(Q € A*) = 1, or Q has a probability
density function with respect to the Lebesgue measure on
RWI=1 conditioned on Q¢ A¥ then DARTS converges to
an optimal solution of OP1.

Proof. Per our analysis in Sec.4 of the main paper, we only
need to show the continuity of ®( f)) with respectto A > 0.
We first have

(fr) =p"Ex yigea: [/1(X) € n(Y)]
+ (1= p"Ex yiggas[fr(X) € m(Y)],

where pt = Pr(Q € A¥).

Consider the first expectation in Eqn. 3. Let y* be the
leaf node such that Q@+ = 1, ie., Y = y* with prob-
ability 1. Then p, ,(v|X) = 1 for any v € 7(y)
and p, . (v|X) = 0 otherwise. Therefore fi(X) =
argmax,cy Py x (V[X) = argmax,c.()rp. Thus
fa(X) € m(Y) with probability 1, i.e., the first expectation
is the constant 1.

Therefore we only need to show the continuity of the sec-
ond expectation with respect to A and we do this in the rest
of the proof. For simplicity of notation, we drop @ ¢ A¥
hereafter and simply write the second expectation in Eqn. 3
as Ex’y[f,\(X) S W(Y)}

Define f : A — V as

3)

falg) = argmax,cy (14 + A)go,

breaking ties the same way as Eqn.6 of the main paper.
Then it follows that Vo € X, fa(z) = fA(P, (2)). We
also define

Ly(N) ={g € A: (ry + N)go > (1o + N)qur, Yo' # v}

to be the open polyhedron in A such that f,(¢) = v,Vq €
T',(A), i.e., the set of posterior probabilities that lead to a
prediction at node v given A. Also let

T\ ={ge A: 3 V" v #0" Vu#v u#v",
('rv’ + A)Qv’ = (Tv” + )‘)Qv” > (Tu + )‘)Qu}7

i.e., the set of probabilities that lie on a decision boundary. It
is then a simple exercise to check that ['(\) and ', ()), Vv €
V partition A.

Let po(g) be the (conditional) density function of @
given Q ¢ A%, then

Exy[fr(X) € (V)]
= ExEy x[fr(X) € 7(Y)]
= EQEX|QEY\X,Q[.]E>\(X) € 7T(Y)]

=EqExi ) _IA(X) € 7(y)lpy x (y]X)
yey

= EQE)(|Q Z[f)\(Q) € "T(y)]Qy
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veV
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veV

/F m) > (@) € (y)lay pale) dg

yey

- Z /[q € I'v(N)]awpq(q) dg.

veV

Note that the first two equalities are by iterated expectations.
Also we can drop ff( ) at the second to last step because

I’(\) has fewer than || — 1 dimensions and therefore has
Zero measure.

Let ¢,(\q) = [¢ € Tu(Nlgwpele). To
prove continuity, it suffices to show that for each
v, f(bv()\, q)dg is continuous with respect to A, i.e.,
for sequences {\,}, if lim, oA, = A, then
lim, o0 [ G0 (An,q)dg = [¢u(A,q)dg. This is directly
implied by Lebesgue’s dominated convergence theorem if
we can show (1)lim,, 0 @y (An,q) = ¢4 (A, ¢) almost ev-
erywhere and (2) for all n and every ¢, |¢, (A, ¢)| < ¥(q)
for some integrable .

Note that condition(2) is trivial as ¢, (An,q) < po(q)
and thus we only need to check condition(1). First note that
condition(1) trivially holds for any ¢ ¢ A. Forq € A,
there are three possibilities: (i)g € T, (), (ii)g € T, () for
some u # v, or (iii)g € I'(\). We only need to check (i)
and (ii) because I'(\) has zero measure.

For (i), let v, (X, ) = (7o +A) gy —maxy 24 (7y +A)Gur -
For any ¢ € T',(A), as n — 00, v (An, q) — Y0 (A, @) > 0.
Therefore there exists n’ such that Vn > n',v,(An,q) > 0
and thus Vn > n',[¢ € T,(\,)] = 1. Therefore [¢ €
Ty(An)] = 1=[geT,(N)].

For (ii), since ¢ € T', () for some u # v, as n — o0,



Yo(Any @) = (A, q) < 0 and therefore [q € T',(A\,)] —
0= [q S Fv()‘)]'
O
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